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The family F ⊆ 2[n] of subsets of [n] = {1, 2, . . . , n} is 2-union
free if it does not contain three different sets A, B, C such that A =
B ∪ C, and F ⊆ 2[n] is union free if it does not contain k + 1 ≥ 3
different sets A0, A1, . . . , Ak such that A0 = ∪ki=1Ai . Let cn, bn be
the maximum size of a 2-union free, union free family, respectively.
Simple construction shows that cn ≥ bn ≥ ∑n−1i=1 ( ii/2
)
, which
slightly improves the lower bound obtained by Kleitman if n is odd.
Anothermore complicated construction further improves this lower
bound.
Union free family of m subsets of [n] naturally corresponds to an
m × n (0, 1) matrix with independent rows. The result is related
to maximum numberm of independent rows in some (0, 1) matrix
with n columns.
© 2011 Elsevier Inc. All rights reserved.
Let [n] = {1, 2, . . . , n}. Let 2A denote the family of subsets of A, and let
(
A
k
)
denote the family of
k-element subsets of A. The family F ⊂ 2[n] is 2-union free if it does not contain three different sets
A, B, C such that A = B ∪ C, and F ⊂ 2[n] is union free if it does not contain k + 1 ≥ 3 different sets
A0, A1, . . . , Ak such that A0 = ∪ki=1Ai. Let cn, bn be the maximum size of a 2-union free, union free
family, respectively.
The problem of finding extremal union free families might be formulated in terms of (0, 1) ma-
trices. Subsets of [n] naturally correspond to vectors from {0, 1}n, and a family F ∈ 2[n] of size m
is represented by an m × n matrix A. An arbitrary union free family F corresponds to a matrix A
with independent rows [4], i.e. to the matrix A whose no row is equal to the sum of some other rows
(1 + 1 = 1). If the rows of A are independent, thenm ≤ bn.
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Denote an =
(
n
n/2
)
, b′n = 1 +
n−1∑
k=1
ak , and
b′′n =
(
n
n/2
)
+
⌈
1
n
(
n
n/2 − 1
)⌉
.
The family
([n]
k
)
, 0 ≤ k ≤ n, is union free, and so cn ≥ bn ≥ an. Kleitman [1–3] proved that
b′′n ≤ bn ≤ cn ≤
(
n
n/2
)
+ 2
n
n + 1 + O
((
n
n/4
))
. (1)
By a computer search it is easy to find bn, cn, n ≤ 6.
n 1 2 3 4 5 6
an 1 2 3 6 10 20
bn 1 2 4 7 13 24
cn 1 2 4 8 15 26
Theonly extremal union free and extremal 2-union free families forn ≤ 3 are {{1}} (n = 1); {{1}, {2}},
{{1}, {1, 2}} (n = 2); and {{1}, {1, 2}, {1, 3}, {2, 3}}, {{1}, {2}, {1, 3}, {2, 3}} (n = 3). Let
B(k, i) =
{
A ∪ {k} | A ∈
([k − 1]
i
)}
.
For n = 4 the unique extremal 2-union free family is
([4]
1
)
∪
([4]
2
)
, while there are four different
extremal union free families
⋃4
k=1 B(k, ik), where ik ∈ {(k − 1)/2, (k − 1)/2}. For n ≤ 5 all the
extremal union free families are of the form
⋃n
k=1 Bk,ik . Generalization of this construction is obvious.
Lemma 1. If ik are arbitrary integers satisfying 0 ≤ ik ≤ k−1, 1 ≤ k ≤ n, then the family⋃nk=1 B(k, ik)
is union free.
Proof. Suppose there are some k + 1 ≥ 3 different sets A0, A1, . . . , Ak , such that A0 = ⋃nk=1 Ak . Let
m = max A0 = ⋃nk=1 Ak . Then A0 ⊂ B(m, im) and Ak ⊂ B(m, im) for some k ≥ 1. From Ak = A0 it
follows Ak ⊂ A0, contradicting the assumption A0 = ⋃nk=1 Ak . 
If ik ∈ {(k − 1)/2, (k − 1)/2}, then the size of⋃nk=1 B(k, ik) is b′n, implying alternative lower
bound
bn ≥ b′n. (2)
The values of an, b
′
n and b
′′
n , n ≤ 16, are listed below, with max{b′n, b′′n} printed bold.
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
an 1 2 3 6 10 20 35 70 126 252 462 924 1716 3432 6435 12870
b′n 1 2 4 7 13 23 43 78 148 274 526 988 1912 3628 7060 13495
b′′n 1 2 4 7 12 23 40 77 140 273 504 990 1848 3647 6864 13585
The following lemma gives an estimate of b′n/an.
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Lemma 2. If  > 0, then for all n large enough the inequalities
(
1 + c
n
+ 4/3
n(n − 1)
)
an < b
′
n <
(
1 + c
n
+ 4/3 + 
n(n − 1)
)
an
hold, where c = 2/3, c = 4/3 if n is even, odd, respectively. The left hand side inequality holds for n ≥ 10.
If  = 1/6, then the right hand side inequality holds for n even, n ≥ 26, and n odd, n ≥ 29.
Proof. Let
Fn =
n−1∑
i=1
ai −
(
1 + α
n
+ β
n(n − 1)
)
an, n ≥ 2.
Then
Fn+2 − Fn = an+1 + 2an − an+2 + α
(
an
n
− an+2
n + 2
)
+ β
(
an
n(n − 1) −
an+2
(n + 2)(n + 1)
)
.
Let
Gn =
⎧⎨
⎩ (Fn+2 − Fn)n(n − 1)(n + 2)
2/an, n – even,
(Fn+2 − Fn)n(n2 − 1)(n + 3)/an, n – odd.
Case n even: From an+2 = 4(n + 1)an/(n + 2), an+1 = 2(n + 1)an/(n + 2), it follows
Gn = n(n − 1)(n + 2)2
(
2
n + 2 + α
4 − 3n2
n(n + 2)2 + β
−3n2 + 8n + 4
n(n − 1)(n + 2)2
)
= 4β − 4α + 4n(α + 2β − 1) + n2(3α − 3β + 2) + n3(2 − 3α).
For α = 2/3, β = 4/3 +  we have Gn = 83 + 4 + 4n(2 + 73 ) − 3n2. If  = 0 then Gn =
8
3
+ 28
3
n > 0, and therefore F2, F4, . . . is increasing. From F10 = 715 > 0 it follows Fn > 0
for all even n ≥ 10. If  > 0 then Gn < 0 for all n large enough. For example, if  = 16 , then
Gn = 103 + 323 n − 12n2 < 0 for n ≥ 22. Therefore, the sequence F22, F24, . . . is decreasing; starting
from F26 = − 676439 > 0 its members are negative.
Case n odd: From an+2 = 4(n + 2)an/(n + 3), an+1 = 2an, it follows
Gn = n(n2 − 1)(n + 3)
(
4
n + 3 + α
3 − 3n
n(n + 3) + β
−3n2 + 8n + 3
n(n2 − 1)(n + 3)
)
= 3β − 3α + (8β + 3α − 4)n + (3α − 3β)n2 + (4 − 3α)n3.
For α = 4/3, β = 4/3+  we have Gn = 3 − 4+ 8n( + 43 )− 3n2. If  = 0 then Gn = 323 n > 0,
hence F3, F5, . . . is increasing. But from F9 = 0 and F11 = 75 > 0 it follows that Fn > 0 for all even
n ≥ 11. If  > 0, then Gn < 0 holds for all n large enough. For example, if  = 16 and n ≥ 25 then
Gn = 12 + 12n − 12n2 < 0, and the sequence F25, F27, . . . is decreasing. The right hand side of the
inequality follows, because F29 = − 94057 < 0. 
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Combining the two lower bounds we obtain
Theorem 3
bn ≥ max{b′n, b′′n} =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
b′n = b′′n, if n ≤ 6,
b′n, if 7 ≤ n ≤ 10 or n > 10 is odd,
b′′n, if n > 10 is even.
Proof. The inequality part follows from (1) and (2). From (1) and Lemma 2 it follows that for all n large
enough the sign of b′′n − b′n is (−1)n. The sign of b′′n − b′n is decided directly for n ≤ 29. If n is even and
n ≥ 10, then by Lemma 2
b′n < an
(
1 + 2/3
n
+ 3/2
n(n − 1)
)
< an
(
1 + 1
n + 2
)
≤
⌈
an
(
1 + 1
n + 2
)⌉
= b′′n .
If n ≥ 29 is odd, then
b′n > an
(
1 + 4/3
n
+ 3/2
n(n − 1)
)
> an
(
1 + 1
n
)
+ 1 ≥
⌈
an
(
1 + 1
n
)⌉
= b′′n . 
Let Bk = B(k, (k − 1)/2), k ≥ 1, and B′n = B(n, (n − 1)/2 − 1). We now construct a slightly
larger union free family starting from
⋃n
k=1 Bk , and replacing B1 and B2 by some subset A ⊂ B′.
Lemma 4. Let A ⊂ B′n be the family satisfying the conditions
• for each A ∈ A and for all k, such that 3 ≤ 2k + 3 ≤ n − 1, |A ∩ [2k + 3]| ≤ k,
• if A, B ∈ A, then |A \ B| ≥ 2.
Then the family ∪nk=3Bk ∪ A is union free.
Proof. Suppose there are some k + 1 ≥ 3 different sets A0, A1, . . . , Ak in ∪nk=2Bk ∪ A, such that
A0 = ⋃nk=1 Ak .
Case A0 ∈ A: From n ∈ A0 it follows Ai ∈ Bn ∪ A for some i, 1 ≤ i ≤ k. But then Ai ⊂ A0.
Case A0 ∈ ⋃n−1i=3 Bi: Suppose max A0 = m, i.e. A0 ∈ Bm. But then Ai ∈ Bm. for some i, 1 ≤ i ≤ k,
implying Ai ⊂ A0.
Case A0 ∈ Bn: Without the loss of generality suppose n ∈ A1. Then A1 ∈ A, because A1 ∈ Bn leads
to A1 ⊂ A0. But then |A1 ∪ A2| > |A0|, contradicting the assumption A0 = ⋃nk=1 Ak; indeed,
• If A2 ∈ A, then from |A1 \ A2| ≥ 2 it follows |A1 ∪ A2| > |A0|.• If A2 ∈ B2, then from A2 = {1, 2} and A1 ∈ A it follows A2 ∩ A1 = ∅, and consequently|A1 ∪ A2| ≥ |A1| + 2 > A0.• IfA2 ∈ B2i+2, 4 ≤ 2i+2 < n, then from |A2∩[2i+1]| = |A2|−1 = i+1and |A1∩[2i+1]| ≤ i−1
it follows |A1 ∪ A2| ≥ |A1| + 2 > A0.• If A2 ∈ B2i+3, 3 ≤ 2i + 3 < n, then from |A2 ∩ [2i + 3]| = |A2| = i + 2 and |A1 ∩ [2i + 3]| ≤ i
it follows |A1 ∪ A2| ≥ |A1| + 2 > A0.
The lemma is proved. 
Let
D2k+3 =
⎧⎨
⎩{4 + x1, 6 + x2, . . . , 2k + 2 + xk} | (x1, x2, . . . , xk) ∈ {0, 1}k,
k∑
i=1
xi even
⎫⎬
⎭ .
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The conditions of Lemma 4 are satisfied by the family
A =
⎧⎨
⎩ Dn−3 ∪ {n, n − 1, n − 2}, if n = 2k,Dn−2 ∪ {n, n − 1}, if n = 2k − 1
of the size 2k = 2n/2−3. Hence we proved.
Theorem 5. bn ≥ b′n + 2n/2−3 − 3.
This construction improves the lower bound in Theorem 3 if n is odd.
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